I. Introduction
Pressure-swirl atomizer is widely used in many industrial applications such as fuel injection in gas turbine, internal combustion engine and liquid-fuel rocket, spray drying, spray in firing and agricultural nozzles. Despite of simple geometry and operation of a pressure-swirl atomizer, flow behavior through it is complicated due to the strongly swirling velocity component and induced air core in the axial zone. During operation of an injector, liquid is fed into swirl chamber via two or more tangential inlet slots. After crossed through device, a strongly swirling flow is imported to the outlet part called orifice and is finally emitted from it. Highly increased tangential velocity leads to create a low pressure zone in the center of the injector. Subsequently, air is pulled into the low pressure region and the induced air core is formed. Due to the air core, an emanated hollow cone shaped liquid is formed with a strongly unstable property from the thin liquid layer with high swirling velocity.
The most contribution study on the pressure-swirl atomizer devotes to the experimental observations to detect injector geometric characteristics and functional parameters relation, [1] . Few numerical and experimental works have been conducted to recognize internal flow behavior. Yule and Chinn et al. [2] [3] [4] are pioneer in simulation of two-phase flow in the simplex atomizers. They predicted numerically the air core shape in the pressure-swirl atomizer. They observed Gortler wall vortices and central recirculation zones in CFD simulations confirmed with the experimental measurements. Using 2D arbitrary Eulerian-Lagrangian method as well as
Baldwin-Lomax turbulent closure model, Sakmann et al. [5] [6] [7] [8] and Xue et al. [9] [10] investigated comprehensively injector geometry effects on discharge coefficient, liquid film thickness, and spray cone angle of the simplex atomizers. Similar to Chinn and Yule's attempt, Datta and Som [11] predicted theoretically the air core diameter and calculated numerically the discharge coefficient and the spray cone angle with applying two-phase flow solver linked with k   closure model. They reported independently the performance of the pressure-swirl atomizer in a high range of the flow rate. Using the commercial code Fluent 5, Steinthorsson and
Lee [12] studied 3D turbulent flow in the pressure-swirl atomizer via Reynolds stress model and VOF model for the air-core formation. After experimental studies in a large scale, Hansen [13] and Madsen et al. [14] simulated 3D flow inside simplex injectors via commercial codes, CFX-4-3 and Fluent 6.1. Different two-phase flow models were applied to predict the axial air core and examined various turbulent models to investigate air core formation. They concluded that the modified laminar flow coupled with VOF model can calculate the axial and tangential velocity along the injector and is more accurately than the turbulent models. Maatje et al. [15] [16] emphasized on unsteady behavior and details of liquid and gas flow inside the pressure-swirl atomizer in 2D
and 3D numerical calculations. Donjat et al. [17] emphasized on interfacial unsteadiness in rotating core of the atomizer nozzle axis with laminar two-phase flow modeled with VOF method. They concluded the unsteadiness of the air core may be originated from the sheet atomization process. Yeh [18] [19] The motivation of this work is to simulate the flow field inside the pressure swirl atomizers. For the first time, the topology of the air core formed in the axial zone of the injector is determined by the level set method with capturing of the air-liquid interface. Then, the velocity components and performance of the injector were evaluated. To compare the numerical results of the present work with the experimental data of Horvey [25] and Rizk [26, 27] , the laminar and turbulent regime are applied to simulate the flow filed inside the injector. Based on the strongly anisotropy flow, the explicit algebraic Reynolds stress model is also used.
II. Governing Equations
Level Set and Re-initialization Equations: The level set model is used to capture the interface between gas and liquid in a two-phase mixture. Since the interface moves with the velocity of the fluid, the evolution of the interface in a two-dimensional axisymmetric cylindrical coordinate system is governed by the HamiltonJacobian equation proposed by Osher et al. [28] .
is the level set function and must be a signed distance function in the computational domain.
It is typically a smooth function and represents the shortest normal distance to the interface with the following properties.
where By means of simple mixture flow, the properties of the fluid such as density and viscosity are defined respectively as: [29] 
To achieve numerical robustness in the computational domain, a smeared out Heaviside function is often used, [29] as: In the present work, both liquid and gas flow are determined by the corresponding material properties and no boundary condition is imposed (required) on the interface of two fluids. In addition, the surface tension force can be modelled by applying a volume force coupled with Navier-Stokes equations and the level set model, [29] . One of the main advantages of the level set model is capturing the interface of the two-phase mixture with any complex topology and it may occur at very high turbulent flows. To solve Eq. (1) numerically, the time step should be defined by the stability criterion with respect to viscous and convective terms as follows, [30] . 
where I , II , and III are zero for incompressible flows and they are not negligible for a two-phase flow with variant molecular properties.
Abandoning the isotropic eddy-viscosity hypothesis, the explicit algebraic Reynolds stress model which is one of the most complex classical turbulence models closes the Reynolds-averaged Navier-Stokes equations by calculating an explicit term to determine anisotropy Reynolds stress. More details about the applied explicit algebraic Reynolds stress are given in Appendix A.
III. Solution Methodology
Body-fitted Navier-Stokes equations: Since the majority schemes for calculation the level set equation are based on the uniform grid and also the explicit algebraic Reynolds stress model is being more stable in orthogonal-uniform mesh, it is convenient to apply the body-fitted coordinates to transform computational domain to a rectangular one with uniform control volumes. The generalized body-fitted axisymmetric Reynolds averaged Navier-Stokes equations are, [30] .
where
is Jacobian. 
Re-initialization modification is written in the following form.
Level Set Equation Solution: Considering Eq. (20) , to keep level set as a signed distance function, it is necessary to accurately discretized spatial and temporal derivatives. In the present work, a 5 th order compact upwind finite difference scheme is applied to calculate spatial derivatives. 
where 1 / 12
is the most optimum value for this free parameter.
The detail derivation of this compact high order upwind finite difference scheme family has been studied by Nouri and Kebriaee [32] . The 4 th order Runge Kutta is applied with frozen velocity fields in each time step to march level set equation in time, [33] . To solve re-initialization equation, according to Sussman's method [29] , the following equations are introduced.
Minus superscript of differential operator means applying upwind finite difference scheme as Eq. 
where s f is given by,
Also Based on the problem geometry defined later, the condition of 1    is imposed in the inlet and nozzle wall, [34] . In addition, the level set function is updated by considering the air core diameter over the outlet boundary in each time step. Also first order upwind scheme is applied to discretize RANS equations, [37] . To be more consistent numerical calculation and avoiding superiors flow in two phase flow, pressure gradient, laminar and turbulent source terms are interpolated with cell faces values, [38] . Three significant functional parameters of every pressure swirl atomizer are diameter of air core, discharge coefficient, and spray cone angle not reported in the Horvey's test, [25] . So Rizk's injector [26, 27] was studied in continue to evaluate the numerical solver in calculation of injector performance.
Reynolds Averaged Navier Stokes Equation

VI. Results and Discussion
In the Rizk's case, the liquid water enters from four tangential inlet ports with axial and tangential velocity components into a pressure swirl-atomizer with liquid volume flow rate of (28) Due to the emanating liquid bulk into the ambient, the outlet pressure is atmospheric pressure. In addition, the discharge coefficient and spray cone angle are defined as, [11] .
where o A is the outlet area. The mean outlet velocity components can be expressed as: [38] about to be laminar flow inside the pressure swirl atomizer should be studied more.
Figures (6) illustrate the variation of the air core diameter along the pressure swirl atomizer for laminar and turbulent flow. According to the previous experimental results, the air core diameter in both the swirl chamber and the orifice part are relatively constant while the figures indicate the air core diameter increases in the orifice part. This increment is due to the axial velocity. As reported in Table ( and it is attributed to the entrance region effect. This bump will be disappeared when the effect of the entrance region is negligible. Figure ( [11] or turbulent flow is nearly constant except close to the core region. In the meantime, the disagreement between the turbulent present results and the data of Datta and Som [11] can be originated from different applied turbulent closure models and the constant air core diameter used by Datta and Som [11] .
In addition, the free vortex profile in laminar flow is preserved in this location due to the lack artificial eddy viscosity leading to underestimate the tangential velocity. Figure ( 
mm
To be deeper in evaluation of flow field inside the pressure swirl-atomizer, the sensitivity of injector performance is studied as a function of gas-liquid interface thickness in laminar flow. The findings show the variation of interface thickness  has no significant affect on the air core diameter, while the spray cone angle increases slightly with growth of axial velocity due to reducing the average density across the outlet. Regardless of liquid region, the zone of air core is so sensitive to the interface thickness due to high density ratio between liquid and gas fluids. 
The dominator Q is given by    
